[MICRO-450] - Basics of robotics for manipulation October 9, 2024

Exercise set 4 - Kinematics

Reminders

Simplified notation of sines and cosines
To simplify the notation, we use:

" sin(01) =s1

= cos(f)=c

= 1-cos(61)=w1

" sin(62) =s2

= cos(62)=c

= 1-cos(62)=v2

= cos(01+62)=c1+2

"= sin (61+ 62) =51+2

= L1+ L2=L1+2

Exercise 1

In this exercise you will work on the geometric model of the SCARA robot. Here we won’t consider the rotation of
the end effector. The output point will be the point P at the extremity of the second segment L; (see figure).

Give the direct geometric model (DGM) that expresses the coordinates (x, y) of point P as a function of the joint

coordinates qrand qa.

Hint: use the homogeneous matrices of the following transformations:
1. Rotation of gzaround P10 with coordinates (L1, 0)
2. Rotation of g1 around the origin
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Exercise 1 — Solution

To obtain the direct geometric model that expresses the coordinates (x, y) of the end effector P as a function of the
joint coordinates g1 and g2. To do so, we first put the robot in its reference position (figure below) and then
respectively develop the homogenous matrices at each joint, starting from the last one.

With p,,=1[L,, 0]

and  p,,=[L;,, 0]

P10 PZO

Figure: The robot in its reference position

Secondly, we develop the homogenous matrices associated with each of the joints, namely:
1. Homogenous matrix corresponding to the rotation gz around the point P10 with coordinates (L1, 0)

2. Homogenous matrix corresponding to the rotation of g1 around the origin

Lastly, we express the direct geometric model by multiplying the sequence of the homogenous matrices starting
with the last transformation to the first as described in the lecture.

We recall that the homogeneous matrix for a rotation around an arbitrary point p is expressed as:

H=[5 PR

By using this relation, we calculate the homogeneous matrices of the transformations described in the hint. The
homogenous matrix H,, corresponding to the rotation with gz around the point P10, with the coordinates (L1, 0) is
then:

H, = [1;2 P10 — Rzpm]_

1
(Cz —52) (Ll) _ (Ll - Cle) _ (L1(1 - Cz)*) _ (lez )
Sz Cz 0 _Sle —Llsz —L1$2

* We recall that 1 - cos (g2) = v(qz) (definition of the versine function: link)

P10 — Rap1o = (Lol) -

Thus,
c; =S Lv
R —R 2 2 1v2
H, = [02 P1o 2p10]= s, ¢ —Lisy
0 0 1

The homogenous matrix Hi, corresponding to the rotation g1 around the origin, is expressed as follows:

Cl _Sl 0
H, = [sl c1 0]
0 0 1

The combined homogenous matrix of the sequence of the two rotations, respectively represented by the
homogenous matrix H2 (of angle g2) then Hi (of angle q1), is equal to the following product:

Cz L152 51+2 C1+2 Li(s1v; — €153)

-s; Ly, Ci42 —S142  Li(c1vp +515;)
52
1

H= HH, = [sl

To find the coordinates (x, y) of the point P (which is the Tool Center Point), we proceed as follows:

X
(3’>=H*P20
1
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Thus,

()-(7)

Once we use the calculated homogenous matrix, that gives the following result:
x Licy + Lycyqo

<y> =\ L1s1 + L2142
1 1

Exercise 2

In this exercise we take the output point as the tip of the end effector, as shown in the figures below. Therefore,
here we consider the rotation of the end effector given by gs. In addition, as illustrated in the right figure below,
we consider the possible translation along z given by ga.

Xo Liyz43

The reference position of the end effectoris P(6; = 0) = ( 0 ) = ( 0 ) Give the position P(g:) as a function
ZO ZO

of the variables gi.

Exercise 2 — Solution

To obtain the direct geometric model that expresses the coordinates (x, y, z) of the end effector P as a function of
the joint coordinates qi1, g2, g3 and qs, we first put the robot in its reference position (figure below) and then
respectively develop the homogenous matrices at each joint, starting from the last coordinate.

Y L, L, L With py,=I[L;, 0]
X ,
Py =[L;,, 0]

PIO 20 P

P =[L;5;,0]

Figure: The robot in its reference position
Secondly, we develop the homogenous matrices associated with each of the joints, namely:
1. Homogenous matrix associated with the translation qs in the direction of z axis at the point P2o
2. Homogenous matrix corresponding to the rotation gs around P2 with coordinates (Li+2, 0, 0)
3. Homogenous matrix corresponding to the rotation of gzaround P10, with coordinates (L1, 0, 0)
q

Homogenous matrix corresponding to the rotation of g1 around the origin.
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Finally, we express the direct geometric model by multiplying the sequence of the homogenous matrices, starting
from the last transformation to the first, by the output point Po when the robot is at its reference position, here the
point is P with coordinates (L1+2+3, 0, zo) as shown in the figure.

In the same way as before, the homogeneous matrix for a rotation around an arbitrary point p is expressed as:
R p—Rp

H= [ ]
0 1

Therefore, we can calculate the homogeneous matrices of the transformations described in points 1, 2, 3 and 4.

The homogenous matrix H,, associated with the translation g, is:

1 0 0 O
(0 1 0 O .
H, = 00 1 q [Pure translation]
0 0 0 1

The homogenous matrix Hs, corresponding to the rotation of gsaround Pzo with coordinates (Li+2, 0, 0), is:

Hy = [R63 P20 _fZSPZO]'

Liyz ¢z —S3 0\ /Ly Liyz — €3Li4s Liiov3
P20 = RzP2o=| 0 |— |s3 ¢ 0 0 )= —S3Ly42 = | —L1+253
0 0 0 1 0 0 0

We then have:

cz —s3 0 Lypvs
s3 €3 0 —Ljyps;
0 0 1 0

0 0 0 1

H3=

The homogenous matrix H,, corresponding to the rotation gz around an axis parallel to the z axis and passing
through the point P10 with the coordinates (L1, 0, 0), is:

c; =S, 0 Liv,
S, ¢ 0 —=Ljs,
0 0 1 0

0o o0 o0 1

sz

The homogenous matrix H;, corresponding to the rotation giaround the axis z, is:

¢ —-s; 0 O
s ¢ 00
0 0 1 0
0 0 0 1

H1=

The sequence of the 3 rotations and the translation, each represented by its corresponding homogenous matrix, is
then expressed by the following product:

H = H,H,H;H,”

Cl _Sl 0 0 CZ _Sz 0 leZ C3 _S3 0 L1+2173 1 0 0 0
H — Sl Cl 0 0 SZ CZ 0 _Llsz S3 C3 0 _L1+ZS3 0 1 0 O
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 gq,
0 0 01 0 0 0 1 0 0 0 1 0 0 0 1

(*) Note that the translation ga is carried out first before g3 in the implementation order as mentioned in the lecture.

Similar to the previous exercise, in order to find the (x,y,z) coordinates of P, one should use the following formula:

X ¢ —s; 0 0 c; =S, 0 Liv, ¢z —S3 0 Liuvs 1 0 0 O Lii243
Y\_[sis ¢ 00 S, ¢ 0 —=L;s, S3 ¢33 0 —Lj, .83 01 0 O 0
z| o o 1 0f/l0 0 1 0 0 0 1 0 0 0 1 q Z
1 0 0 01 0o 0 o0 1 0 0 O 1 0 0 0 1 1
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Ci4z —S142 0 Li(c1v; +515;) cz =Sz 0 Liovs 100 0 L1243
Sz Crz 0 Li(sivp—c18p) |[ 3 €3 0 —Liipss 010 0 0
0 0 1 0 0 0 1 0 0 0 1 g, Z
0 0 0 1 0 0 0 1 0 0 0 1 1
Ci4243 —Si4243 O Li(e1vy +5182) + Liya(CryaVs + S14253) 100 O L1243
— | S1+243  Ci4243 O Li(51v; — €183) + L142(S142V3 — C142S3) 0 1.0 0 0
0 0 1 0 0 0 1 g, Z
0 0 0 1 0 0 0 1 1
Ci42+43 —Ste243 0 Li(c1vp +515) + Li12(Cr42V5 + 514253)\ /Lita+s
_ | S1+243  Ci4243 O Li(51v; — ¢183) + L142(S142V3 — C142S3) 0
0 0 1 qs Zy
0 0 0 1 1

To simplify, we apply trigonometric transformations such as ci+2+3= C1+2v3 - S1+253.

Lici + Lycyyp + LiCiynas
Lysy + LS4 + L3S14043
qs + 2
1
We therefore obtain:
X =Lycy + Lyciip + L3Ciio43
Y =LySy + LyS142 + L3S14243
z=4q,t+2,

Like the previous exercise, this one makes the link between DGM, homogeneous transformation matrix and position
of the robot/of the robot segments; and illustrates the link between DGM and generalized coordinate system.

Exercise 3

The homogeneous matrices Ks and Ke of the DGM of the PUMA robot arm are given in the lecture slides. Give the
missing matrices Ki, fori=1,2,3,4.
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Exercise 3 — Solution

The homogeneous matrices of the PUMA DGM (according to the generalized coordinate system of the course) are
as follows:

K4 is the homogeneous matrix corresponding to the rotation 64 around an axis parallel to the z axis and passing
through the point Pso= [Ds, 0, 0].

K, = [Rz4 Pao — Rz4 p4o]

0 1
D3 C4 _S4_ 0 D3 D3 - D3 C4 D3V4_
Pao — Rza Pao = ( 0 ) —|s2s ¢ O ( 0 ) = —Dss, = | —Dss,
0 0 0 1 0 0 0
Thus:
C4_ _S4 0 D3174
— S4 C4_ 0 _D3S4
Ke=10 0 1 0
0o o0 O 1

Kz is the homogeneous matrix corresponding to the rotation 63 around an axis parallel to the x axis and passing
through the point P3o= [0, O, L2].

Ky = [Rx3 P30 — Ry3 p30]

0 1
0 1 0 0 0 0 0
P30 — Rysbzo = (0 ) - (0 C3 _53> <0> = < Lys; > = <L253>
L, 0 s3 ¢ L, L(1—c3) Lyvs
Therefore:

1 0 O 0
0 ¢3 —s3 Lyss
0 s3 ¢3 Lyvs
0 0 O 1

K3=

K2 is the homogeneous matrix corresponding to the rotation 8z around the axis x.

1 0 0 0

_ 0 CZ _Sz 0
K2=1o s, ¢ 0
0 0 0 1

K1 is the homogeneous matrix corresponding to the rotation 8; around the axis z.

Cl _Sl 0 0

_[$1 a 00

K 0 0 1 0
0 0 0 1
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Exercise 4

Find the IGM (Inverse geometric model) of a 2
DOF planar robot (see figure below): given x and
y, what are 6; and 6,?

x =Lic1+ Lac1+2

Yy =Lisi+ L251+2

Hint: use the trigonometric formulas for the sine
and cosine of the sum of two angles, as well as the
one of the sum of squares of sine and cosine.

Exercise 4 — Solution

Ya

VV><

As for the first exercise, we consider the simple planar manipulator with two segments. It is asked to find the angles

0; and 8, from a given position (x, ).
We know the DGM:

X =Licy + Lyc142

Y =1Lis; + LyS14,

We also know that:
1 =c?+5s?

Y a

Using the law of cosines we see that the
angle 6, is given by:
2 2
o = x?2+y?—L1—L5
2 2L4L,

5, = i’l—czz

Hence, 8, can be found by:

+/1—c3
6, = arctanc—
2

VV><

The choice of + is arbitrary but is important (it
must be consistent) for pairs of final solutions.
Moreover, finding the angle of 8, by using
arctan function is advantageous since it is
recovering both elbow-up and elbow-down
solutions by choosing the positive and
negative signs, respectively.
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Yy

VV><

6, can be defined as 8, = a —  where

a = arctan G)
Lys, )
= arctan| ———
Therefore,
Lys, )

)~ aretan
6, = arctan (=) — arctan |———
1 arctan (x) arctan Ll n LZCZ

Although the solution is complete like this, we
need to be careful about the quadrant of the
(x,y) position since arctan function is used to
calculate the angles 6;and 6,.

Hint: While programming you can use atan2()
instead of atan() function, which will handle
the determination of the quadrant.

arctan(%} ifz >0,
arctan(%}-i—ﬂ ifr<0andy >0,
arctan(%}—w ifz<0andy <0,

atan2(y, z) = . e
+3 ifz=0andy >0,
—< ifr=0andy<0,
undefined ifz=0andy=0.

Exercise 5

Consider the two sequences of exercises 1 and 2:

R2(90°) - Ry(90°)
Ry(90°) > R(90°)

For each of these sequences:
1. Determine the resulting corresponding quaternion.
2. Deduce:
(a) the corresponding angles of rotation.

(b) the corresponding unit axes of rotation.
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Solution 5

1. We start by calculating Qyoo-and Qzo0, the quaternions corresponding respectively to Ry(90°) and Rz(90°) :

For Qy9o-, we have:

— 0y =90° — cos(f,/2) = sin(h,/2) = 5

V2 0
— Ay o [l} (Ayis the axis of rotation whose norm is sin (6,/2))
2
— Ayo = cos(f,/2) = _{
And finally:
1
Q (/\u[.) V2 [0
000 = = = )
- Ay 2 11
0
For Qz90°, we have:
— 6, =90° — cos(f. /2) = sin(f. /2) = ?

V3 0
— A= 5 g} (Azis the axis of rotation whose norm is sin (6,/2))
n')
— A0 =cos(f,/2) = %

And finally:

Qzo0r = ();Z) = g

[l R

We notice that the two quaternions are unitary (the opposite would have been surprising).

We then calculate the two sequences by multiplying the quaternions (product which is of course non-
commutative):

First sequence: Rz(90°) = Ry(90°)
Q1= Qy90°Qz90°

_ Ayl)/\:l) - Ay ’ A::
N Ayl‘lAz + /\znAy + Ay X Az

2 2 2 2
Clveve () veve () vave ()
PR W REIER Y AR Y A
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Second sequence : Ry(90°) — Rz(90°)

Q2 = Qz90°Qy90°

_ ( A;.()Ay(l - Az ° Ay

A0y + AgoAz + Az X )\y)

The two resulting quaternions are unitary as expected.

2. (a) The calculation of the angles is given below:

First sequence: Rz(90°) = Ry(90°)

01 = 2arccos (A1,0) = 2arccos (1/2) et 61 = 2arcsin (||A1]|) = 2arcsin (\/3/2)

2
=0, = ?rad =120°

Second sequence: Ry(90°) - Rz(90°)

02 = 2arccos (A2 9) = 2arccos (1/2) et 0 = 2arcsin (||A2]|) = 2arcsin (\/§/2>

2
=0, = ?rad =120°

(c) Obtaining the (unitary) axes is as follows:

First sequence: Rz(90°) = Ry(90°)

Second sequence: Ry(90°) - Rz(90°)

Al

ey = sin(6/2)

 sin(fy/2)

L (-1
(1)
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